We present numerical exact results for the polaronic band structure of the 
(phonon) at Wannier site i, respectively. In (1), the following idealizations of real electronphonon systems are made: (i) the electron transfer t is restricted to nearest-neighbour (NN) pairs ij ; (ii) the charge carrier is locally coupled to a dispersionsless optical phonon mode (ε p denotes the EP coupling constant andhω is the bare phonon frequency); (iii) the phonons are treated within an harmonic approximation. Recall that the physics of the Holstein model is governed by two dimensionless parameters λ = ε p /2Dt and α = ε p /hω; i.e., irrespective of the adiabaticity ratio γ = t/hω, small polarons are formed provided that λ > 1 and α > 1.
In the numerical analysis of the Holstein model, we employ the standard Lanczos algorithm in combination with a well-controlled truncation of the phononic Hilbert space.
According to the truncation procedure described in [14] , we have to check for the convergence of both the ground-state energy E 0 (M) and the phonon distribution function, which has to be determined self-consistently in the ground state |Ψ 0 (M) . Increasing the maximum number of phonons retained (M), convergence is assumed to be achieved if the relative error
In order to discuss the single-polaron polaron band structure, we make use of translational invariance and compute the wave-vector resolved spectral density function
using a polynomial moment expansion together with the maximum entropy method [16] .
Then the so-called "coherent" band dispersion, E K , is obtained from the first peak of A K (E) having finite spectral weight
where |Ψ (1) 0,K denotes the single-electron state being lowest in energy in a certain K-sector.
In the first place, we focus on the 1D model and start with the study of the weak-coupling case (λ < 1). Figure 1 displays the band dispersion calculated at ε p = 0.1 for various phonon frequencies ranging from the adiabatic (γ = 10) to the non-adiabatic (γ = 0.125) regime (in the following all energies are measured in units of t). For low and intermediate phonon frequencies, the energy to excite one phonon lies inside the bare tight-binding band,
cos K i , of a D-dimensional hypercubic lattice with unit lattice spacing. Thus at arbitrarily small ε p , predominantly "phononic" states enter the low-energy spectrum in those K-sectors for which E
[0] K being separated from the ground state by an energy E > ∼ hω. As a result the dispersion curves reflect the well-known peculiarities of the absorption spectra of an electronic or excitonic system weakly interacting with dispersionsless optical phonons [17, 18] , i.e., a nearly unaffected cosine dispersion near the band center ( K = 0) and a practically flat region at larger momenta. Note that even in cases where the phonon frequency is comparable to the bare electronic bandwidth a remarkable "flattening" of the band structure appears in the vicinity of the zone boundary (e.g., athω = 4 we found
In the extreme non-adiabatic regime (γ ≪ 1) the phonon distribution function is sharply peaked at the zero-phonon state and, because the interaction is weak and the phonons can follow the electron instantaneously, we obtain a negligible renormalization of the band structure. To substantiate this interpretation we have calculated the K-dependent mean phonon number,
in the lowest band states |Ψ sizes we obtain a remarkably smooth behaviour of E K . As might be expected, for ε p = 0.5 the coherent bandwidth, throughout the whole Brillouin zone the band structure differs significantly from that of a rescaled tight-binding (cosine) band containing only NN hopping. As can be seen from a least-squares fit to an effective band dispersionĒ K = 3 l=0 a l cos lK, the residual polaronphonon interaction generates longer-range hopping terms [14, 19] . Concomitantly, the mass enhancement due to the EP interaction is weakened at the band minimum. It is important to realize that these effects are most pronounced at intermediate EP couplings and phonon frequencies. In this parameter region even higher-order SCPT, with its internal states containing some excited phonons, seems to be not tractable because the convergence of the series expansion is poor [15] . The deviation from the cosine dispersion at different ε p is depicted in the inset of Fig. 2 (a) , where we have used the eight and ten site lattices in order to reach larger EP coupling strengths. Here E K is scaled with respect to the coherent bandwidth which strongly depends on ε p andhω, for example, for N = 8 andhω = 0. at all Kpoints. Obviously, the K-dependent renormalization factor can be taken as a measure of the "electronic contribution" to the polaronic quasiparticle. The results are shown in Fig. 2 
(c).
For weak EP coupling, one recognizes immediately the electronic and phononic character of the states at small and large momentum, respectively. The crossover between these two types of states is accompanied by a change in the mean phonon number by approximately one.
With increasing ε p a strong mixing of electron and phonon degrees of freedom takes place, whereby, forming a small polaron, both quantum objects completely loose their own identity.
As expected, this leads to a significant suppression of the quasiparticle residue for all K. At large ε p , the polaronic state is characterized by strong on-site electron-phonon correlations making the quasiparticle susceptible to self-trapping. Thus the coherent movement of the carrier is greatly hindered but itinerant band states do still exist. The small polaron is heavy because it has to drag with it a large number of phonons in the so-called "phonon cloud"
(cf. Fig. 2 (c) inset) . Since the high-energy band edge states are more vulnerable to decay from EP interaction the particle loses its spectral weight more rapidly at K = π [20] .
Next, we consider the evolution of the band structure for the two-dimensional case. That means, calculating the strong-coupling wave-function we have to include multiphonon states. Once again the Lang-Firsov formula (first-order SCPT) underestimates the exact bandwidth by more than a factor of two; ∆E LF = 0.2854. Even if we include second-order corrections the SCPT band structure significantly deviates from the exact result. Obviously, the agreement is poorest at the Γ-point ( K = 0). Thus we are lead to the conclusion that the standard strong-coupling approximation fails to accurately predict the ground state energy and the polaronic bandwidth in the moderate strong-coupling regime. By contrast, the FC-SCPT approach [15] , which in our case makes use of information extracted from a sequence of finite-cluster diagonalizations up to five sites, provides a correct description of the coherent band structure. The extremely good success of the FC-SCPT at intermediate EP couplings and phonon frequencies may be attributed to the inclusion of longer-range correlations, which are especially important in the crossover region from nearly free to small polarons.
To summarize, we have performed a comprehensive study of the 1D and 2D Holstein model using exact diagonalizations. Concerning the polaronic band structure of the Holstein model, our main results are the following.
(i) In the weak-coupling case and for phonon frequencies less than the bare electronic bandwidth, we recover the expected flattening of the band dispersion at large momentum.
Here our numerical results for the wave-vector resolved quasiparticle weight factor and the mean phonon number clearly demonstrate the electronic and phononic character of the band states near the band center and band edges, respectively.
(ii) Increasing the electron-phonon coupling the flattening survives to a large extent the crossover from large to small polarons. The small polaron state is characterized by less spectral weight and a large average number of phonons.
(iii) At intermediate EP coupling strengths and phonon frequencies the effective polaronic band dispersion deviates substantially from a simple tight-binding cosine band due to further than nearest-neighbour ranged hopping processes generated by the residual polaronphonon interaction, implying the importance of multiphonon states. In the intermediate coupling regime, the polaronic mass enhancement can be one order of magnitude smaller than predicted by standard strong-coupling perturbation theory.
(iv) In the extreme strong-coupling limit (ε p ≫hω, t), we have a nearly dispersionsless small polaron band with almost vanishing spectral weight. That means, here the exponential band narrowing completely dominates the physics of the Holstein model and, in real solids, coherent polaron motion will be immediately destroyed by disorder effects. 
